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This paper tests the occurrence of rational bubbles in the exchange rate of Brazil, Russia, India, China and South Africa (the 'BRICS' countries group) against the US dollar. We consider bubbles of the periodically recurring variety, and assume that the fundamental value follows a modified PPP relation which takes into account interest rate differentials, starting from a reference value which is endogenously determined. At each point in time the probability of collapse of the bubble to is a nonlinear logistic function of the absolute size of the bubble and is, therefore, also endogenous. The expected next period bubble size if the future regime is collapse is a linear function of the current bubble size whose parameters are also endogenously estimated. The estimation uses a maximum likelihood procedure, and the results support the model, which passes the specification tests. The hypothesis of rational expectations in the market for the forward exchange rate, which is used as a proxy of the expected exchange rate, is also tested and accepted for 3 of the 5 countries. The hypothesis of two linear regimes (rather than the non-linear regimes we use) is also tested and rejected for 3 of the 5 countries. We discuss the dynamics of the absolute bubble, and also compare the time series of the bubbles for the several countries, relative to the corresponding fundamental value. We test for unit roots in the relative bubbles and find that they are integrated, and that they pass Johansen's the cointegration test. Finally we estimate an error correction model to discuss the long term relation between the relative bubbles and the speed of adjustment of each country's relative bubble to shocks to the long term relation between them.
INTRODUCTION
The increased importance of the BRICS countries group (Brazil, Russia, India, China and South Africa) in the World economy is mostly due to the current and potential size of their internal markets, and is also reflected in the growth of their share in international trade and financial flows. On the one hand, these five economies encompass three billion consumers and have an GNP of the order of US$ 16 billion, and on the other hand, they are currently the most important dynamic factor in international trade and are the destination of very significant capital flows.
A crucial variable that affects, and is affected by, this international insertion is the exchange rate of the country's currency against the other countries of the group and against the reserve currencies of the World. Here, we focus on the rate of exchange to the US dollar, and note that they have displayed a large volatility, relative to that of the reserve currencies.
This may be due mostly to the volatility of the capital flows and the uncertainty it induces in the domestic economies, but speculative mechanisms may also be operating to produce it. We study this possibility by testing for the occurrence of rational bubbles in these exchange rates.
The bubble is defined (Flood and Garber (1980) and Blanchard and Watson (1982) ) as the part of asset price movement that is unexplainable by the mechanisms that drive the long term asset price in the relevant theoretical model. The variables that reflect these effects are called the fundamentals, and the long term forecast price derived within the context of a particular model of asset price determination on the basis of the fundamentals is the fundamental price. A significant deviation between it and the actual asset price is the bubble.
Such rational bubble would, if it ever it arose, have and explosive path, as shown in Blanchard (1979) and Blanchard and Watson (1982) . This points out a basic difficulty that arises in testing for the existence of rational bubbles, as pointed out by Flood and Garber (1980) : the contribution of hypothetical rational bubbles to asset prices would not be directly distinguishable from the contribution of market fundamentals that the researcher cannot observe. Diba and Grossman (1984) , propose an empirical strategy to deal with this problem, based on using stationarity tests for obtaining evidence against the existence of explosive rational bubbles in that case. Diba and Grossman (1988a) implements such tests for explosive rational bubbles in stock prices using a model that assumes a constant discount rate, but allows unobservable variables to affect market fundamentals, and concludes against the occurrence of explosive rational bubbles in the stock market prices he analyses. However, Diba and Grossman (1988b) have shown that the impossibility of negative rational bubbles in stock prices implies theoretically that a bubble can never restart if it ever collapses (i.e., falls to zero).
The explosive behavior of speculative bubbles implies that it would arise, grow, collapse, and definitively disappear almost surely in finite time. Since this does not appear to be an often observed behavior of asset prices, Blanchard (1979) proposed a model of periodically collapsing bubbles, whose state stochastically shifts between survival and collapse, with exogenous transition probabilities, and argued that this type of bubble can better mimic the behavior of the price of speculative assets. This idea has been further developed by Hamilton (1989) in a model that uses a Markov-switching regression to characterize the changes in the parameters of the autoregressive process, and displays nonlinear behavior when the regime shifts occur. The estimation of his model is different from that of the Kalman filter, where the estimates of the unobserved continuous state vector are produced by a linear algorithm, because the filter and smoother he proposes yield nonlinear inference about a discrete-valued unobserved state vector. Van Norden and Schaller (1993) generalized Hamilton's (1989) model and applied it to describe and analyze stock market returns, and find very strong evidence of switching behavior. Evans (1991) expanded on Hamilton's idea by proposing a model of rational bubbles that are always positive and periodically collapse to zero, but where a later resurgence of the bubble is allowed. He also allows the endogenous determination of the probability for the occurrence of the two regimes, and shows that the tests proposed by Diba and Grossman (1988a) , and others, are unable to detect that important class of rational bubbles. The point is demonstrated by constructing rational bubbles that appear to be stationary when unit root tests are applied, even though they are explosive in a relevant sense. This points out to the difficulties of testing for rational bubbles in asset price processes that allow periodically collapsing bubbles, as is our case.
Van Norden (1996) extends the Van Norden and Schaller (1993) model to test for bubbles in the exchange rate. He implicitly uses the asset market approach to exchange rate determination (see, for example, Mussa (198 4) ) and views it as the relative price of the domestic assets in the two economies. The bubble is the misalignment of the exchange rate with respect to the fundamental rate, and its collapse is the correction of that "error".
3 As in the earlier model, he specifies that the probability of survival of the bubble decreases with its size. Also, in his model the size of the innovation in the next period's exchange rate is a linear function of the bubble observed in the current period. To estimate the model, he log-linearizes the adjustment function, to obtain a stochastic specification with two linear regimes. It is important to note that, since the level of fundamental exchange rate in the reference year is given, its trajectory is exogenous to the model. Maldonado et al. (2012) , extend the Van Norden (1996) model considering the possibility of a non-linear relation between the innovation and the size of the bubble in the survival regime. This yields an empirical model for the innovation with non-linear regimes that allows testing the rational expectations hypothesis in the foreign exchange futures market. In addition, it allows the endogenous estimation of the fundamental value of the exchange rate at the reference date, which is arbitrarily set in Van Norden's model. The specification tests employed are those proposed by White (1982 , 1987 ) e Hamilton (1996 .
This paper tests the occurrence of regime-switching bubbles in the exchange rates of the currency of BRICS countries group to the US dollar, using the Maldonado et al. (2012) model.
For the fundamental exchange rate two structural models were used: PPP and interest-rate differential modified PPP proposed by Maldonado et al. (2012) . The sample period for each country was dependent on data availability, as discussed later.
The estimation of these models yield bubble estimates for these 5 exchange rate series.
To be able to compare the bubble series for the different countries we define relative bubble series for each of them, dividing each bubble estimate by the contemporaneous value of the fundamental exchange rate. These relative bubble series are subjected to unit root tests, which confirm that they are integrated, and that a bubble periodically collapsing bubble is present in the original exchange rates series. We test the relative bubble series obtained from estimates of the proposed regime switching model for the presence of unit roots, instead of testing the original exchange rate series under Markov switching, as proposed by Hall, Psaradakis and Sola (1999) 4 , since our approach is more consistent with the exact stochastic representation we adopt for the exchange rate process The fact that these relative bubbles series are integrated fulfills the prerequisite for testing them for for cointegration, as a way to explore the relation between the bubbles in the exchange rates of the BRICS countries. A common stochastic trend was identified, and this was interpreted as evidence that shocks to the international financial markets tend to affect in a peculiar manner the exchange rates of currencies of all countries in the BRIC group against the US dollar. An unrestricted VEC (Vector 4 There exist other tests for rational bubbles in exchange rates in the literature that do not use a regime switching approach as, for example, Evans (1986) and Meese (1986) .
Error Correction model) was fitted to this data, and provided further evidence on how deviations from long term relation between these exchange rates are corrected.
This rest of this paper is divided in 5 sections. Section 2 describes the formal specification of the time series model containing periodically collapsing bubbles proposed by Maldonado et al. (2012) . Section 3 describes the empirical implementation: the data, estimation, specification tests, and tests of the rational expectations hypothesis and of Van Norden's two linear regimes specification. Section 4 discusses the dynamics of the absolute bubbles and how they can be interpreted on the basis of heuristic evidence regarding the broad movements of the exchange rate of this group of countries. Section 5 compares the bubbles for the five BRICS countries from the perspective of the bubble size relative to the fundamental value of the interest rate. It also discusses their time series characteristics, tests for the presence of a unit root and for cointegration between the countries' bubbles, and the estimation of the VEC.
Finally, section 6 summarizes the main conclusions and discusses the possible future extensions.
THE MALDONADO ET AL. (2012) BUBBLE MODEL
Stochastic processes capable of generating asset price bubbles include the expectation of future capital gain as one determinant of current price. It is the possibility of these extraordinary gains that generate the sometimes significant departure of the market price from its structural determinants i.e. the bubble. In the simplest formulation of such models the expectation component is linear and of the first order (only involves the next period). Such a formulation, which is the basis of our model for the exchange rate, is described by the following equation:
where ܻ ௧ is the stochastic process for the asset value, ܽ ∈ (0,1) is the inter-temporal discount factor (which is assumed to be constant) and ݂(ܺ ௧ ) is a possibly non-linear function of all the exogenous variables (fundamental) variables that affect the price of the asset (ܺ ௧ ). The operator ‫ܧ‬ ௧ ሾ•ሿ is the mathematical expectation of the argument ሾ•ሿ, conditioned on all the information available at time ‫.ݐ‬ It is assumed that equation (1) incorporates all the equilibrium and non-arbitrage conditions of the agents involved, and of the market for the asset.
Solving equation (1) recursively forward, and taking the limit as the terminal time tends to infinity yields:
where the first term in the right hand side (r.h.s) is the fundamental value of the asset, denoted ܻ ௧ * , which depends on the present expected value of a function of the fundamental exogenous variables. The second term in the r.h.s. of (2) is the associated bubble is ܾ ௧ , which is the limit as the horizon goes to infinity of the present expected value of the terminal asset value. For this reason, any speculation regarding the future expected value of the endogenous variable must be strictly included in this term. It is clear that the bubble is just the difference between the current asset value and the fundamental value.
Shifting (2) forward in time one period, taking its expected value, and recalling that, due to the law of iterated expectations, the fundamental value also has to satisfy (1), i.e. ܻ ௧ * = ‫ܧܽ‬ ௧ ሾܻ ௧ାଵ * ሿ + ݂(ܺ ௧ ). Therefore, it can be seen that the bubble must satisfy the following equation:
Equation (3) shows that the dynamics of the bubble is such that the expectation of its future value is the only determinant of its current value. There is no role for the exogenous structural variables in this process and the bubble, therefore, contains and isolates the speculative component of the price process.
Since (3) is a linear function, and ܽ ∈ (0,1), the expected bubble size next period will be strictly larger than the current bubble size -if it is not null in the current period -and will, therefore, follow an explosive path. Although the explosive path refers to the expectation of the bubble, if such solution is excluded, the only remaining solution of (1) is for the bubble to be null, which is not very satisfactory state of affairs. Blanchard (1979) and Blanchard and Watson (1982) Van Norden (1996) formalized these features through the two hypothesis below, which make use of the definitions. Let ‫ݎ{‬ ௧ } be a stochastic process that indicates which of the two states the bubble is at time ‫,ݐ‬ and let ‫ݎ‬ ௧ = 1 when the regime is survival (S), and ‫ݎ‬ ௧ = 0 when it is collapse (C). The probability that the bubble survives in ‫ݐ‬ + 1, given the information available at time t, is ‫ݍ‬ ௧ାଵ = ܲ ௧ ሾ‫ݎ‬ ௧ାଵ = 1ሿ.
Hypothesis 1. There exist two functions ‫ݑ‬ ∶ ܴ → ܴ e ‫ݍ‬ ∶ ܴ → ሾ0,1ሿ such that:
Equation (4) means that if, in addition to the information available at ‫,ݐ‬ it is known that the bubble will collapse next time period, then the expected size of the bubble next period will be a function of its current size. Equation (5) indicates that the probability of survival of the bubble next period depends only on its current size. We will discuss the properties of these functions below, but it should be clear at this point that ‫)•(ݑ‬ should be decreasing and that ‫)•(ݍ‬ should be increasing in the absolute value of the bubble.
Hypothesis 2. The expectation of the fundamental asset value in the next period, given current information, is independent of the state of the bubble next period:
With these two hypothesis an empirical model can be specified. However, note that the bubble itself is not observable, because the fundamental value is unobservable (equation (2)).
Nevertheless, equations can be derived that relate the bubble to the innovations (or surprises) of the asset price, for which a market indication can often be obtained. The innovations will be denoted ܴ ௧ and are defined by:
Using ܻ ௧ାଵ = ܻ ௧ାଵ * + ܾ ௧ାଵ in (7), taking expectations, and using (3) and (4), equations that relate the innovations and to the bubble in the two regimes can be obtained:
where ܴ ௧ାଵ * = ܻ ௧ାଵ * − ‫ܧ‬ ௧ ሾܻ ௧ାଵ * ሿ is the innovation in the fundamental value. However, note that under Hypothesis 2 the first term in the r.h.s. of (8a) and (8b) for the expectation of the innovation on the fundamental exchange rate is null. Therefore, the next period innovation ܴ ௧ାଵ in either state depends only on the current period bubble ܾ ௧ . Maldonado et al. (2012) modified the Van Norden (1976) model in some respects. Below we summarize the changes, and direct to reader to the original paper for further details, justifications and proofs related to them.
The first change is the use of the following logit specification for the function ‫,)•(ݍ‬ which specifies the collapse probability:
It still maintains the logistic functional form, but omits a linear term in the argument of the exponential that appears in Van Norden (1996) . The main benefit of not having the linear term in the argument of the exponential in (9) is that this avoids the need to log-linearize the model when estimating it, and yields a true non-linear specification. Another benefit is the reduction in the number of parameters to estimate.
The restriction on parameter β ୯ଶ ensures that the probability of survival decreases with the absolute size of the bubble ‫)ܾ(ݍ݀(‬ |ܾ݀| ⁄ < 0). The second change proposed by Maldonado et al (2012) is the adoption of a linear specification for the ‫)•(ݑ‬ function, defined by equation (4)). This hypothesis is motivated by the fact that the expected value of the innovation is linear with respect to the expected bubble size next period, as shown in (8a) and (8b). This helps to avoid the log-linearization that produces his two linear regimes model.
These two hypothesis yield the following empirical specification of the non-linear regime switching model: 
PROBABILITY OF SURVIVAL OF THE BUBBLE MODEL IIB UNRESTRICTED
The model allows the test of several hypothesis, but here we emphasize the following:
Rational Expectations Hypothesis (REH): The expected value of the innovation next period, given the information available today, is null, i.e. ‫ܧ‬ ௧ ሾܴ ௧ାଵ ሿ = 0. For this to obtain it is necessary that the parameters satisfy:
Two Linear Regimes Hypothesis (TLRH): The expected innovation in each regime is linearly related to the bubble size. This case corresponds to the Van Norden (1996) model.
EMPIRICAL IMPLEMENTATION
The theoretical model described in the previous section refers to a (general) asset denoted Y ୲ , and in this section it is applied to the spot exchange rate (ܵ ௧ ) of BRICS countries group (Brazil, Russia, India, China e South Africa) domestic currencies against the US dollar. It has three subsections: the description of the data base, the estimation results and the discussion of the quality of the adjustment.
DATA
We used monthly data starting in 1999:03 and ending in 2013:06 for Brazil, India and South Africa, and for China and Russia the sample started in 2005:06. For China, the earlier period was excluded because the currency was quoted with relation to a basket of currencies, instead of the dollar, and was pegged. For Russia we excluded from the sample the period where the exchange rate was managed to fluctuate within a band (dirty float). The rate used refers to that quoted for sale at the close of business in the last day of each month, available at the Bloomberg database.
Our estimation procedure relies on constructing a series for innovations to the exchange rate equal to the difference between the spot rate and its expected value. For the latter we used the value of an exchange rate forward contract of 1 month maturity, also obtained from the Bloomberg database, ‫ܨ‬ ௧ = ‫ܧ‬ ௧ ሾܵ ௧ାଵ ሿ. Therefore,
The fundamental asset value (ܻ * ) is in this case the fundamental exchange rate, denoted S ୲ * . Two models proposed in Maldonado et al. (2012) , Models 1 and 2, were chosen for this implementation. They correspond respectively to the PPP model, and the interest-rate augmented PPP model, as summarized below.
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Model 1 -The PPP model for the fundamental exchange rate
The fundamental rate in this case is denoted and S ୲,ଵ * calculated as:
where IPD and IPI are the domestic and foreign price indexes, and ݇ is a parameter whose interpretation is given below.
Model 2 -The interest-rate augmented PPP model for the fundamental exchange rate
The fundamental rate in this case is denoted S ୲,ଶ * and calculated as
Under rational expectations the expected future ratio between domestic and foreign price index in (15) is replaced by the actual ratio one period ahead, which is known at estimation time.
For both models the ݇ parameter determines the level of the exchange rate path, since it depends on the exchange rate at ‫ݐ‬ = 1 (ܵ ଵ,ଵ * or ܵ ଵ,ଶ * respectively). 6 It is important to note that since ݇ is estimated in our model, the level of the path of the fundamental interest rate is endogenously determined, rather than arbitrarily assigned as in Van Norden (1996) .
The domestic price index ‫ܦܲܫ‬ used for each of the 5 countries was the PPI (producer price index), and for the international price index ‫,ܫܲܫ‬ the PPI of the USA was used. These price indexes are monthly, referenced to the first day of the corresponding month, and were obtained from the Reuters Datastream database.
For Model 2 interest rate data is also necessary. The international interest rate (TJI) of all countries, except India, was calculated as the sum of the rate paid by the 4-week US Treasury bill with its EMBI+ rate. 7 For India the EMBI+ is only available after 2012, and the JACI (JP Morgan Asia Credit Index) was used instead. The domestic interest rate (TJD) was obtained for all countries from the interbank borrowing rate for loans of 1-month maturity. The time series 5 The derivation of these models in the context of the asset approach to interest rate determination can be found in Appendix 1 of Maldonado et al (2012) . 6 Note that the second subscript of the interest rate variable denotes the model to which it refers.
for these variables are normalized as 1-month rates, in percents, and were also captured from Reuters, via the Datastream tool.
ESTIMATION
This section presents the results of the estimation for the BRICS countries of the model specified in (9), (10a) and (10b). Each country is treated separately, and two models are estimated for each, considering the two hypotheses presented in the last section regarding the determinants of the fundamental rate (Models 1 and 2, respectively). For each country and model, 3 equations are estimated: one unrestricted, and two restricted: one imposing rational expectations, and another imposing the occurrence of two linear regimes. These two equations allows the two corresponding hypothesis to be tested with the Likelihood Ratio test.
The results for the estimation of Models 1 and 2 are displayed in Tables 1 and 2 respectively. In each of these tables there are three versions of the respective model: the Tables 1 and 2 . For Brazil, Model 1 fits the data slightly better according to that criteria, as was observed in Maldonado et al. (2012) . However, the difference in the likelihood statistic of the two models for this last country is minor, as is the difference in the significant coefficients of the two models, and to simplify the discussion of the results we adopt Model 2 as the reference model for all countries. The unrestricted equations for all countries display a small coefficient of variation for the parameter ݇ (Brazil = 7,5%, Russia = 2,7%; India = 1,5%; China = 0,6%; South Africa = 3,5%), indicating the point estimate of the fundamental exchange rate at the initial date of the sample is rather precise. Therefore, it is very unlikely that an arbitrary assignment of a value to that parameter would lead do an proper estimate of the bubble. Such as arbitrary choice is implied in the election of a certain date as the one where the actual and fundamental exchange rate coincided and there was no bubble, as is often done in calculations of PPP equilibrium rate, and was done in Van Norden (1996) .
The significance of the coefficients can be examined by adopting a confidence interval of 2 standard deviations. 8 Table 3 displays, for the reference model, the insignificant coefficients for the unrestricted equation of the several countries. It shows that the fit is best for Russia, good for Brazil and China, and worse for India and South Africa, since there are, respectively, 2, 3 and 5 insignificant coefficients in these two groups of countries. The significance of the individual parameter estimates is explored below to shed some light on the nature of the fit of the model in each case. 
The intercept of the innovation equation in the collapse regime (equation 10a) is ߚ . It is not significant for Brazil, Russia, and South Africa. The parameters that jointly play the same role in the survival regime (equation 10b), are ߚ ௌ and ߚ ௌ . They are not significant for India and China, and for South Africa ߚ ௌ is significant, but ߚ ௌ is not. In all the five equations at least one of the intercept parameters (ߚ , ߚ ௌ and ߚ ௌ ) is not significant, but in neither of them they are null for both regimes.
Recalling that ߚ ଶ is the exponent of the non-linear term of the size of the next-period innovation in the case the bubble survives (see (10b)), the fact that it may be null for the cases of India and China suggests that in those cases the two linear regimes model of Van Norden (1996) may be applicable. This is formally tested in the next section.
The parameters of the logistic function that gives the probability of survival of the bubble(‫))ܾ(ݍ‬ are ߚ and ߚ ଶ (see equation (9)). The former characterizes the intercept of that probability, i.e. the survival probability when the bubble is null, and is not significant for Brazil and South Africa. The latter (ߚ ଶ ) indicates the speed at which the survival probability declines when the bubble increases in size (see Figure (1) ), and is not significant for Russia and South Africa. This indicates that in these cases, the regime-switching periodically collapsing bubble is of the types examined in the earlier literature, where the survival probability does not depend on the size of the bubble. The estimated parameters for the restricted equations are also of interest. The likelihood statistic is employed in the next section to formally test the two hypotheses they embody, but it is useful to comment here on the heuristic assessment of their effect on the estimated value of the coefficients.
Comparison of the estimated model parameters values under RE with those in the unrestricted model indicates the nature changes produced by imposing that restriction. For Brazil, the changes in most coefficients are significant, which suggests the RE hypothesis is not supported. For Russia several coefficient estimates are not significantly affected, but ߚ , ߪ ௌ and ߚ ௌ roughly double in size, and ߚ ଵ which becomes non-significant. For India none of the significant parameters of the unrestricted equation is affected by imposing RE. The same is true in China, except for ߚ ଶ , which was negative and almost insignificant, and becomes positive and significant. 9 For South Africa, the parameter estimates which are significant in the unrestricted equation change significantly once RE is imposed. The sign of ߚ is reversed, but the magnitude is maintained. The estimates of ߚ ଵ and ߪ ௌ are reduced roughly to half, that of ߚ ଶ is increased by 25%, and the formerly significant ߚ ௌ is forced to zero.
The other restricted equation, for the two linear regimes hypothesis of Van Norden (1996) , is useful to test the relevance of the non-linear specification proposed by Maldonado et al. (2012) as a generalization of the earlier specification. The two parameters whose value is restricted to be null in this specification are in the columns 12 and 13 of Tables 1 and Table 2 .
Recalling we have chosen Model 2 as the reference model for all countries, we restrict our attention to its parameter estimation, in Table 2 .
Comparison of the value and standard deviation of the other parameters in the restricted equation with the unrestricted one reveals that they were already insignificant for India and China, so that imposing the restriction does not entail a large change in the likelihood. For the other countries, however, the coefficients of the non-linear model of Maldonado et al (2012) are significant, and it is able to achieve a larger likelihood and therefore better describe the data.
SPEFICICATION TESTS
Following Van Norden (1996), we used the White (1987) method to explore the misspecification of the error terms testing for autocorrelation, heteroscedasticity, and for
Markovian state dependence in the two regimes. We also test the joint hypothesis that the errors satisfy all these hypotheses. The results of these tests are summarized in Table 4 . Following Van Norden (1996) and Hamilton (1990) we chose a critical level of 1% for inference regarding the specification tests because our sample size is small (less than 200 observations). Therefore, for each cell in the table the null hypothesis is rejected whenever the corresponding p-value is smaller than 1% and, conversely, is no rejected whenever it is larger than that value. For example, the absence of AR(1) in the survival state for Brazil is not rejected by the data, since the corresponding value is 5,5%.
We first discuss each of the possible identification problems separately, examining each row of Table 4 in turn. The absence of first order autocorrelation of the residuals in the survival regime cannot be rejected (therefore, it is absent) for all countries. The absence of first order 10 The values in Table 4 for Brazil are different from the ones for Model IIB in Maldonado et al (2012) because the sample here includes 28 additional data points and is, therefore, larger. With the smaller sample the results obtained before are reproduced, which verifies that the changes are due only to the additional data.
autocorrelation in the collapse regime cannot be rejected (therefore, it is absent) for Brazil, Russia and South Africa, and it is rejected (therefore, it is present) for India and China.
The absence of first order heteroscedasticity of the residuals in the survival regime cannot be rejected (therefore, it is absent) for all countries. In the collapse regime the absence of first order heteroscedasticity cannot be rejected (therefore it is absent) for all countries except China, where it is rejected (and, therefore, it is present).
The absence of Markovian state dependence is rejected (therefore, it is present) for Brazil and South Africa. For Russia, India and China it is absent.
The joint test of all 5 hypothesis indicate that from the point of view of the specification tests of the residuals, the model is rejected for Brazil and China and accepted for Russia, India and South Africa. Looking at the individual tests, it can be seen that the rejection of the model for Brazil is due to the strong rejection of the Markovian state independence, and the rejection for China is due to the presence of serial correlation and heteroscedasticity in the residuals in the collapse regime. It should be noted that the rejection of absence of serial correlation in the collapse regime for India was not strong enough to lead to a rejection of the model in the joint test. In a similar manner, the rejection of the Markovian state independence for South Africa is not strong enough to lead to a rejection of the model in the joint hypothesis test.
TESTS OF RESTRICTIONS
The Likelihood Ratio test was used to assess whether the two hypotheses raised before, the Rational Expectations (RE) hypothesis and Two Linear Regimes (TLR) hypothesis are accepted by the data on this sample. We adopted a significance level of 5% for rejection of the null i.e. that the unrestricted equation is more suitable than that with the restrictions imposed by the two hypothesis for the available data. Table 5 displays the results of the tests.
The RE hypothesis is rejected for Brazil, China and South Africa, and is not rejected for Russia and India. The TLR hypothesis is rejected for Brazil, Russia, and South Africa. Therefore, for Brazil and South Africa expectations in the futures market for the exchange rate are not formed in a rational manner, and our general non-linear model fits the data better than the more restricted 2 linear regimes model. For India we cannot reject rational expectations in the futures market for the exchange rate, but a two-linear regimes model, which is simpler than our non-linear model, may be sufficient to explain the data. Analogous interpretations can be given for Russia and China. 
BUBBLE DYNAMICS
In this section we explore further the results of the estimation of the model of equations (9), (10a) clearly present, and is larger at the beginning and end of that period, and smaller in the middle. The collapse probability also clearly indicates its presence, reaching close to 100%
when it is larger and declining to 30% whenever it is smaller. In 2007 and after, the spot exchange rate remains very close to the fundamental rate and the collapse probability oscillates quite a bit, but remains most of the time around 30%, consistently with the absence Figure 5 -Spot and Fundamental exchange rate, and collapse probability for China Figure 5 shows the graphs for China. In this case, as for Russia, it is important to recall the events preceding the sample period. For 10 years before July 2005 the exchange rate was fixed, and for this reason our sample period starts at that date, when the Popular Bank of China (POBC) appreciated the exchange rate by 2,1%, and announced that it was abandoning the US$ as the exclusive reference and adopting in its place a basket of currencies. A similar policy was adopted by Russia at about the same time, which led us to start the sample in 2005
in that case also, as was discussed before. 
COMPARISON OF THE BUBBLES
The estimate of ݇ discussed in section 3 allows the calculation of the path of the fundamental exchange rate (ܵ ௧ * ), and the bubble can be estimated by recalling the definition
To be able use the same metric to compare the size of the bubbles of different countries, a relative bubble size statistic (ܾ ) was constructed by normalizing the bubble size with respect to the contemporaneous fundamental exchange rate:
This calculation was performed for both models, but only that for the reference model (Model 2) is discussed here. The graphs of these relative bubbles are shown in Figures 7, 8 and 9 which suggest the presence of persistence in all the series, a feature that will be formally verified by testing for the existence of a unit root in these series, in the next section.
As can be seen in Figure A more general relation between these bubbles is also explored in the next sections. Of particular interest is the possibility that they are related in the long term, either due to the existence of common factors affecting all of them, or due to mechanisms whereby a bubble in one country's exchange rate induces the appearance of bubbles in the other BRICS countries.
UNIT ROOT TESTS
In this section we test the relative bubble series we obtained for the BRICS countries for the presence of a unit root. If the hypothesis that they are I(1) cannot be rejected, it is clear that these series contain the bubble component of the original exchange rate series, and that a cointegration test can be used to uncover any long term relation that may exist between them.
To test for a unit root we used the procedure recommended by Doldado, Jenkinson and Sosvilla-Rivero (1990) to consider systematically the possibility of the presence of an intercept and a trend in the test equation:
The Augmented Dickey-Fuller (ADF) test statistics with 5% significance level was used, and the test results for out reference model (Model 2) are shown in Table 6 . They show that the hypothesis that a unit root is present in the series cannot be rejected for all countries, except Russia. The deterministic terms for the intercept and trend were not significant in any case.
The Philips-Perron (PP) complements the ADF test, making a non-parametric correction to its test statistic, and is more robust with respect to unspecified autocorrelation and heteroscedasticity in the disturbance process of the test equation. For this test we did not include the intercept or trend because we had indications from the ADF test that those terms were not required. Again, the presence of a unit root cannot be rejected at the 5% level for all countries, except Russia. Therefore, the PP test confirms the results of the ADF test.
Although the presence of a unit root was rejected at the 5% significance level for Russia, we assumed that the relative bubble for that country is also integrated, because the unit root tests at 1% significance level cannot reject it. With this assumption, all relative bubble series can be taken to be I(1), and a cointegration test can be performed. 
COINTEGRATION TEST AND VEC MODEL
As pointed out before, we are interested in the co-movement of the speculative rational bubbles in the exchange rate of the BRICS countries to assess if this can shed some light on the nature of the foreign exchange market crisis of these countries. For this we perform the Johansen and Juselius (1980) cointegration test, as discussed below.
We did not include a trend in the test equation, in accordance with the results of the unit root tests, which did not indicate its presence in the series. For the number of lags to be considered in the test, several criteria available in the literature were considered, and their results are shown in Table 7 . The Sims (1980) and the Hannan-Quinn (HQ) statistics are shown in columns six and seven respectively, and indicate, as is usually the case, the adoption of a smaller lag length, in this case equal to 1. In view of all these results, we have chosen a lag length equal to 3, which was indicated by the largest number of criteria, and is intermediary between the maximum and minimum lag lengths recommended by the several criteria. To test for cointegration of the relative bubble size we used the Johansen test, and found that the trace and eigenvalue criteria (both) indicate the existence of only one cointegration vector, as shown in Table 8 . To assess the nature of error correction process we following unrestricted VEC model: The maximum likelihood procedure proposed by Johansen (1988 and was used to estimate the model in equation (18) . The estimates of the cointegration and weighting vector, and the corresponding standard errors, are shown in Table 9 . The cointegration vector was normalized to make the coefficient for Brazil equal to 1. Equation (19) shows that, on average and in the long term, the bubbles for Brazil, Russia, China and South Africa move in the same direction, and that the India bubble moves in the opposite direction to all of them. The relative size of the coefficients in (19) indicates that in the long-term relation between these relative bubbles, the importance of the one for Brazil is 6 to 7 times larger than that for India and China, and about 2.5 to 3 times larger than the relative bubble for Russia and South Africa. This suggests that for a perturbation of the long term equilibrium arising from a change in the overall environment affecting the BRICS exchange rates, like a shock in the foreign capital flows that accompanied the 1998 sub-prime crisis, the fluctuations in the exchange rate of Brazil are more important and elicit a more violent correction of all the exchange rates of the group than that of any of the other countries. with a speculative movement whereby there is initially an overall overreaction (a positive deviation) with respect to the long term equilibrium, followed by an overcorrection (a negative deviation), and then by a "soft landing", in a pendulum-like fashion.
The estimates of the weighting vector displayed in Table 9 can also be explored to understand the economic relation between these relative bubbles. They show that the size of relative bubble of all currencies, except China, increases in period ‫ݐ‬ + 1, in response to a shock that increases the residual of the cointegration relation in period ‫.ݐ‬ This is so because the coefficients in ߙ are positive for all countries, except China. The negative coefficient for China is quite interesting, indicating that its relative bubble moves in the opposite direction to all others. This could be a consequence of a reallocation of capital flows within the BRICS group, Moreover, the change in the absolute size of relative bubble for Brazil, Russia and South Africa is of the order of 8% of the deviation in the cointegration relation, while that for India and China is of the order of 1%. This was to be expected, since it has been pointed out that the relative size of the bubbles for these two countries is of a significantly smaller magnitude than that for the other countries.
CONCLUSION
This paper examined the behavior of the exchange rates of the BRICS countries group (Brazil, Russia, India, China and South Africa) against the US dollar adopting an asset approach to exchange rate determination, and taking into consideration that the capital movements may lead to the occurrence of speculative rational bubbles of the periodically collapsing variety.
The strategy was as follows. We first estimate a model for each individual country and from it obtain an estimate of the bubble, defined as the difference between the actual and the fundamental exchange rate. After estimating and validating these individual models by performing appropriate specification and hypothesis testing, we conclude that the model adopted is an adequate representation of the dynamics of all those series. The heuristic discussion of the bubble series also lends support to the model. To test for interaction between the bubbles, we define relative bubbles, dividing the bubble obtained for each country by the corresponding fundamental exchange rate, and test them for unit roots. We find they are present, and therefore perform a cointegration test, and conclude that exactly one stochastic trend is present. This allows us to explore the nature of the interaction between the relative bubbles of different countries in the BRICS group with the help of an unrestricted VEC. Below we summarize the details of each of these steps.
For the individual countries bubble model we adopt is the one proposed in Maldonado et al (2012) , which is an extension and generalization of the one proposed by Van Norden (1996) .
For the fundamental rate we consider both a simple PPP model (Model 1), and a modified PPP relation which takes into account interest rate differentials (Model 2), both starting from a reference value which is endogenously determined. Only China displays a fundamental rate with a negative time trend (appreciation), while all the others display a positive time trend (depreciation).
At each point in time the probability of collapse of the bubble is a non-linear logistic function of the absolute size of the bubble and is, therefore, also endogenous. The expected next period bubble size if the future regime is collapse is a linear function of the current bubble size, whose parameters are also endogenous. To obtain a workable empirical specification, we re-state the model in terms of the innovation, which is the difference between the exchange rate and its expected value in the model. This yields an empirical model in the form of a nonlinear regime-switching regression for the innovation. We use the difference between the value of the forward contract of 1 month maturity and the actual value of the exchange rate as a proxy for the innovation. This allows us to estimate the model using a maximum likelihood procedure, considering the two alternatives for the fundamental value (Models 1 and 2 discussed above). The data is monthly, obtained from public sources, and the sample for all countries ends in 2013:06. For Brazil, India and South Africa it starts in 1999:03, while for China and Russia it only starts in 2005:06 because it was fixed before then.
The results of the estimation broadly support the periodically collapsing bubble model for this group of countries, and indicate that of the two alternatives for the fundamental rate, Model 2 is found to lead to a better fit of the model, and is adopted as the reference model for the remaining of the paper. This may be interpreted as evidence that models for the fundamental rate that include asset markets (via the interest rates) are more adequate to model speculative bubbles than the ones which do not include them explicitly. It passes the specification tests but, as expected, the quality of fit varies between the several countries. In some cases a simpler version of the model, where some coefficients are null, is as adequate as the full model. The hypothesis of rational expectations in the market for the forward exchange rate, which is used as a proxy of the expected exchange rate, is tested and accepted for 3 of the 5 countries at the 5% confidence level. The hypothesis of two linear regimes (rather than the non-linear regimes we use) is also tested and rejected for 3 of the 5 countries, also at the 5% level. To validate the model for each country we also discuss heuristically the dynamics of the absolute bubble, comparing the actual data with the main events that affect the exchange rate in each country.
To study the relation between the bubbles estimated as described above, we define time series of relative bubbles for each country, dividing the estimated bubble by the contemporaneous fundamental value. We test them for unit roots, and find that they are integrated. When submitted to Johansen's cointegration test, this set of relative bubbles is found to be cointegrated, and therefore that they have a common stochastic trend. This is an indication that the speculative component of these exchange rate series displays a long term relation. This shows the high degree of connection between the capital flows to each of these countries, and that speculation in the exchange rate market of any of them has repercussions in the exchange rate of other countries of the group. This may be an indication of the presence of the phenomenon of contagion between exchange rate markets of these countries. The instances where this is thought to have occurred are pointed out in the discussion of the corresponding time series. The similarities in the path of these relative bubbles are also pointed out in the heuristic discussion. All countries display a positive bubble in the 2008 subprime international crisis, but it collapses rather quickly (less than one year).
Finally, the nature of the interaction between the relative bubbles of different countries in the BRICS group is explored with the help of an unrestricted VEC estimated by the Johansen procedure. The coefficients of the cointegration relation allows us to show that on average and in the long term, the bubbles for Brazil, Russia, China and South Africa move in the same direction, and that the India bubble moves in the opposite direction to all of them. We find that importance in the long-term relation between these relative bubbles of Brazil is 6 to 7 times larger than that for India and China, and about 2.5 to 3 times larger than that for Russia and South Africa. The speed of adjustment of size of the relative bubbles to a shock that produces a deviation from the long term relation between them is also diverse: the change in the absolute size of relative bubble for Brazil, Russia and South Africa is of the order of 8% of the deviation in the cointegration relation, while that for India and China is of the order of only 1%. These different rates can be seen as a measure of the degree of integration of the country to the BRICS block, if it is seen as a fund within which financial capital is reallocated. The countries which are more integrated are the ones whose exchange rate adjusts faster while the smaller reaction coefficient of the others may be an indication of less integration to that block.
